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The Gibbs paradox

Consider an ideal gas of N particles in a container with a volume V. A partition separates the container into two sections with volumes ¥j and V¥ ,
respectively, such that ¥j + Vo = V' . Also, there are Ny particles in the volume ¥ and N3 particles in the volume ¥ . It is assumed that the number
density is the same throughout the system
N M
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N, V.

N'I+N2 =N
V, +V, =YV

If the partition is now removed, what should happen to the total entropy? Since the particles are identical, the total entropy should not increase as the
partition is removed because the two states cannot be differentiated due to the indistinguishability of the particles. Let us analyze this thought
experiment using the classical expression entropy derived above (i.e., we leave off the In N'! term).

Figure 2:

The entropies &y and 55 before the partition is removed are
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851 ~ N klnVy + gNﬂ;
S ~ Nokln Vs + gNgk
and the total entropy is § = &1 + 52 .
After the partition is removed, the total entropy is
S~ (N + M)k In(Vi + ¥5) + g(ﬁﬁ + No)k
Thus, the difference AS = Suftar — Shefore 1S

AS = (Ny + N)kln(Vi + Vo) —NikIn Vi — ANokIn Vs
= NikIn(V/Vi} + NokIn(V/V>} > 0

This contradicts our predicted result that A8 = . Therefore, the classical expression must not be quite right.

Let us now restore the In ! . Using the Stirling approximation lIn ¥! = N ln ¥ — N , the entropy can be written as

V. {2rm 372
N\ 3

which is known as the Sackur-Tetrode equation. Using this expression for the entropy, the difference now becomes

+ 2Nk

= Nk
5 2

AS = {Nl -+ Ng}k].!l (M) -_— Nlﬁ'.ln{ﬁle} - Nzk]ll{szNﬂ}
Ny + Ny

= N kIn{V/V}) + NokIn(V/Vo) — Ny kIn{N /Ny )} — Nok In{N/N,)
V N V No
= lelll (Eﬁ) -+ Njklﬂ (EE)

However, since the density g = N1 /Vi = NofVe = N/V is constant, the terms appearing in the log are all 1 and, therefore, vanish. Hence, the
change in entropy, &5 = {} as expected. Thus, it seems that the 1/N! term is absolutely necessary to resolve the paradox. This means that only a
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correct quantum mechanical treatment of the ideal gas gives rise to a consistent entropy.

Mark Tuckerman
Thu Feb 20 00:47:55 EST 2003
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